In a class of two-component Ginzburg-Landau models (TCGL) with a U(1)×U(1) symmetric potential, vortices with a condensate at their core may have significantly lower energies than the Abrikosov-Nielsen-Olesen (ANO) ones. On the example of liquid metallic hydrogen (LMH) above the critical temperature for protons we show that the ANO vortices become unstable against core-condensation, while condensate-core (CC) vortices are stable. For LMH the ratio of the masses of the two types of condensates, M = m 2 /m 1 is large, and then as a consequence the energy per flux quantum of the vortices, E n /n becomes a non-monotonous function of the number of flux quanta, n. This leads to yet another manifestation of neither type 1 nor type 2, (type 1.5) superconductivity: superconducting and normal domains coexist while various "giant" vortices form. We note that LMH provides a particularly clean example of type 1.5 state as the interband coupling between electronic and protonic Cooper-pairs is forbidden.
Multi-component Ginzburg-Landau models have received much attention recently [1, 2, 3, 4, 5, 6] as they provide reasonably good phenomenological description of various multiband superconductors, such as the celebrated magnesium diboride (MgB 2 ). Importantly it has been shown in Refs. [1, 7, 8] that two-component Ginzburg-Landau models (TCGL) do provide an effective description of superconductors with two order parameters starting with the microscopic theory. The TCGL description is also very useful for more exotic matter, when pairings of different particles occur, a prominent example being liquid metallic hydrogen (LMH) [9, 10, 11, 12, 13, 14, 15] . LMH is expected to be created under sufficiently high pressure, when electron, resp. proton pairing would take place below two distinct critical temperatures. For the state of the experimental search for LMH, see Refs. [16, 17] , and Ref. [18, 19] for computer simulation results. Moreover the multicomponent GL theory is also of relevance for the description of neutron star interiors when pairings of different particle species are also expected to occur [20] . As the magnetic properties of superconductors are determined to a large extent by its vortices and the interactions between them [21, 22, 15, 23] , they are of utmost importance.
TCGL models generically possess a U(1)×U(1) symmetric potential for the two scalar fields (order parameters), with two different correlation lengths. In such theories the physics of vortices is richer than that of the Abrikosov-Nielsen-Olesen vortices in the GL model [21, 24] . For example when the value of the magnetic penetration depth falls between the two correlation lengths, inter-vortex forces are in general attractive for small vortex-separations while being repulsive for larger ones, see Refs. [3, 25, 26] where quite remarkable multi-vortex states have been observed. The non-monotonous nature of the inter-vortex forces is associated with what has been dubbed as type 1.5 superconductivity [27, 3] . Moreover vortices in TCGL can carry fractional magnetic flux [2] . In most superconductors the two order parameters are coupled due to interband interactions, and there is a single critical temperature. Then below the critical temperature both condensates are superconducting, i.e. both order parameters have a non-zero vacuum expectation value (VEV). Previous studies have mostly concentrated on this 2VEV case.
In the high-energy physics context, flux-tube or string solutions of the relativistic version of TCGL coupled to another gauge field -a U(1)×U(1) Higgs model -interpreted as superconducting cosmic string has been shown to be of great interest [28] . The SU(2) symmetric version of the (relativistic) TCGL theory, known as the SU(2)-semilocal model in the literature [29] corresponds to the limit of the bosonic sector of the standard model, when the Weinberg mixing-angle, θ W → π/2. In the semilocal model because of the global SU(2) symmetry one can always achieve that only one of the order parameters takes on a VEV. Semilocal vortices exhibit a number of remarkable features, e.g. there exists a 1-parameter family of stable vortex solution at the border between type 1 and type 2 cases (Bogomolny point) corresponding to a deformation of the embedded ANO vortex, with a condensate at its core [29, 30, 31, 32] . Condensate core (CC) vortices have been considered in the semilocal model away from the Bogomolny point in Refs. [33, 34] , and for an overview for the case of a general U(1)×U(1) symmetric potential we refer to Ref. [35] . More recently CC vortices have been investigated in Ref. [26] with a special, U(1) × U(1) × Z 2 symmetric potential, when both vortices and domain walls coexist, and even a hybrid vortex-domain wall type of excitation may appear.
The aim of this paper, is to present the some interesting physical phenomena due to CC vortices in TCGL models with U(1)×U(1) symmetric potentials. We shall concentrate on the case when only a single scalar field has a non-zero value in the minimum of the potential, i.e. when there is a single VEV. In condensed matter systems the scalar potential can be of this 1VEV-type, when there is no Josephson coupling between the two order parameters, a prominent example being LMH. In LMH pairings between electrons and between protons are possible, when the temperature of the system is between the electronic and the protonic critical temperature, since the two type of Cooper pairs have a different charge forbidding interband coupling. ANO vortices can be embedded in TCGL models when only one of the fields takes on a VEV, by setting the VEV-less field to zero. We demonstrate that the CC vortices (with a condensate at their core) are stable, as opposed to the embedded ANO ones which are unstable. In CC vortices the field with 0 VEV takes on a non-zero value in the vortex core, lowering the energy of the vortex, and stabilizing it. Depending on the value of the parameters, the energy of CC vortices can be significantly lower than that of the corresponding ANO ones. We find that there are significant physical implications of the second order parameter in the case when the ratio of the masses of the two types of condensates, M = m 2 /m 1 , is large. For LMH this ratio can be considered to be large, M = m proton /m electron ∼ 1836. When M is large the energy per flux quantum of the vortices, E n /n becomes a non-monotonous function of the number of flux quanta, n. What happens is that for a given value of M the energy/flux, E n /n decreases, so "giant" vortices (with a large flux) with a considerable amount of flux quanta may form, however, there is always maximal value of n for which the binding energy becomes zero. This is a rather neat manifestation of type 1.5 behaviour. The magnetic properties of such a superconductor do not fall into the classification of either type 1 or type 2: although vortices tend to stick together to form "giant" vortices, various normal and superconducting domains coexist.
The simple two component Abelian model can be applied in the context of Higgs-portals [36, 37] . In that case the scalar field with 0 VEV is neutral under the U(1) and it couples only through the symmetry breaking field to ordinary matter. In this context we have a simplified model of CC cosmic strings when dark matter is bound to the cosmic string core. The model considered is a simplified version of the scalar phantom (or Higgs portal) model of dark matter [36, 37] .
The two component Ginzburg-Landau theory
In its nondimensionalised form, the energy density of a two-component Ginzburg-Landau (TCGL) model is
where DΦ a = (∇ − e a A)φ a , with e a the charge of the condensate a, a = 1, 2 and B = ∇ × A.
The most general fourth-order potential with
The parameterisation of the potential was chosen in a way most suitable for the study of the 1VEV state, with φ 1 having a non-zero VEV.
For the stability of the potential,
must hold. Depending on the parameters of the potential, the minimum is either at
In the present paper, we consider vortices in the upper component 1VEV case, for which
must hold. Previous studies have focused on the 2VEV case, either in a condensed matter [2, 3, 5, 4, 38, 39, 7, 8] or a high energy physics [28, 40, 41] . The SU(2) symmetric model, called semilocal has been considered in Refs. [29, 30, 31, 32, 33, 34, 42, 43, 44] .
The parameters of the potential are
and ν 1,2 are the expansion coefficients of the Ginzburg-Landau free energy, µ 0 is the vacuum permeability, e i the charge of the condensate i measured in units of e, a charge unit (for Cooper pairs, conveniently, twice the elementary charge), η 1 = ν 1 /λ 1 . In these units, the value of φ 1 at the minimum of the potential is scaled to 1, the penetration depth, λ L = m 1 /(µ 0 e 
Properties of vortices with condensate in their cores
We seek vortex solutions with the help of the rotationally symmetric Ansatz,
with A 0 = A 3 = 0, A r = 0, where r, ϑ, z are cylindrical coordinates, and the vortex line is aligned with the z axis. In the 1VEV case, solutions of the standard GL theory can be trivially embedded in the two-component theory with φ 1 = φ, φ 2 = 0. The embedded ANO-vortex, depending on the parameters of the potential, may be stable or unstable. The case, where the potential was SU(2) symmetric, has been considered in Refs. [29, 30, 31, 32] . In the SU(2) symmetric case, the embedded Abrikosov vortex is unstable if the GL parameter is β > 1. We have similarly linearised the field equations in φ 2 . We have found, that the ANO vortex is unstable for a wide range of the parameters, e.g., close to the SU(2) symmetric case, or for β 1 > 1 and β 2 large, with β ′ and α chosen appropriately in between. Vortex solutions were computed by numerically solving the radial equations obtained by plugging the Ansatz (6) in the energy density (1), using code from Ref. [45] . We have found, that if the ANO vortices are unstable and if β ′ > α, there exists a solution for which φ 2 does not vanish in the vortex core. These vortices also exist in the case, when β ′ = α (the boundary between the 1VEV and 2VEV cases), if β 1 β 2 = β ′ 2 , however, not exponentially localised in this case. Continued into the range α > β ′ (2VEV), these vortices become the fractional flux vortices of Refs. [2, 3] . If β 1 β 2 = α 2 (the boundary between upper and lower component 1VEV), solutions with the upper and the lower component having a non-zero VEV exist. For more details, see also Ref. [35] . For the special case of U(1) × U(1) × Z 2 symmetry, see Ref. [26] . The domain structure observed there is a consequence of the high degree of symmetry of their potential.
The CC vortices have significantly lower energy than ANO ones (see Table 1 ), and this difference grows rapidly with the mass ratio M. They are also stable at the linear level: we have repeated the stability analysis of Ref. [43] (with the methods of Ref. [46] ), and found that for CC vortices, the perturbation equations have no negative eigenvalues.
An analytical approximation is possible for n → ∞ and e 2 = 0. ANO vortices approach a false vacuum bag with radius R A ∼ √ 2nβ
and energy E A ∼ 2πn √ β [47, 48] . For CC vortices, we obtained radius
and energy E C ∼ 2πn β 1 − α 2 /β 2 . To the e 2 = 1 case, we shall return in Section 3.
Vortices in superconducting LMH
For LMH, the M ≫ 1 limit is relevant. In Fig. 1 , we have plotted the energy of vortices vs. the number of their flux quanta, for M = 20 and M = 100. Note first, that there is quite a large difference between the energies of CC and ANO vortices. The second important feature of the results is that E n /n has a minimum, which is shifted to higher number of flux quanta, n, with higher mass ratio M. As a consequence, single flux vortices attract each other (similarly to type I SCs), however, for very large n, there is a repulsive interaction (similarly to the case of type II SCs). In between, there is a vortex which has the strongest binding. The magnetic behaviour of the material is thus different from both type I and type II superconductors: in an external magnetic field, instead of an Abrikosov lattice of unit flux vortices, vortices with quite large (several hundred) flux quanta form, many close to the minimum of E n /n, but some significantly larger (possibly a few thousand flux quanta). However, the latter do not unite to form normal domains. For M = 1000, we have used an approximate configuration to obtain the minimum, at n ≈ 350, and the last bound vortex at n ≈ 6600. For lower values of M, we have numerical data, e.g., for β 1 = 2,β 2 = 9.68,β ′ = 4.37 andα = 4.15 for M = 20 the minimum is at n = 13, E 1 /(2π) = 0.7762, and E 13 /(26π) = 0.6549. The maximum bound vortex, i.e., where E n /n reaches E 1 is n = 78. For M = 100, E 1 /(2π) = 0.7646 and the minimum is at n = 37, and E 37 /(74π) = 0.5814, and the last bound vortex is around n = 380.
The behaviour when n and M are both large can be also understood with the help of a configuration. Let f 1 be zero in the core, and f 2 approximately α/β 2 there. Between (1 − δ)R and R, f 1 is linear, and reaches 1 at R, and f 2 also linear, and reaches 0. For r < R, a = (r/R) 2 , and for r > R, f 1 = 1, f 2 = 0 and a = 1. An approximate minimalisation yields
For e 2 = 1, at a given n, this approximation yields larger energies than the Bolognesi bag [47, 48] , i.e., for n → ∞, this variational Ansatz breaks down, and the vortex energy approaches the same asymptotic form as the ANO energy, 2πn √ β 1 . For moderate values of n, formula (7) describes the energy of numerical solutions qualitatively well.
Let us consider some special cases here: the boundary between the parameter ranges corresponding to 1VEV and 2VEV is at α = β ′ , while there is a boundary between upper and lower component 1VEV at at α = √ β 1 β 2 , if β ′ > α remains valid. Close to the former one, α = β ′ , the second condensate in the vortex core expands, and its radial falloff, ∼ exp(− √ β ′ − αr) becomes slower. When the characteristic length scale of the falloff reaches the sample size, these vortices become indistinguishable from the fractional flux vortices of Ref. [2, 3] in the 2VEV case. For α > β ′ , vortices with winding in the lower component also appear.
Close to α = √ β 1 β 2 , the potential energy in the core becomes small, the vortices become large, and their flux is localised closer to the outer end of their cores. At the same time, the minimum of E n /n is shifted to larger values of n, and at α = √ β 1 β 2 , E n ∝ n for large n. Here, ANO vortices in the lower component become also allowed. In this case, it is possible to exchange the role of the 2 components, with the rescaling φ a → η 2 φ a , x → x/η 2 , A → η 2 A, where η 2 2 = α/β 2 . In this way, we get the same expression (1, 2) for the energy of the vortices with an overall multiplier α/β 2 . With the same configuration as above, the estimated 
Implications for electroweak strings
In the semilocal model, β 1 = β 2 = β ′ = α ≡ β, embedded ANO strings are unstable for β > 1 [49, 50, 51, 29, 30, 31, 52, 32, 53, 54] . The effect of an additional scalar field on the stability of vortices has been considered in Ref. [55] for β 2 = 0. The resulting model is the one considered here with the field φ 1 promoted to a two-component field Φ 1 . Extending the study to β 2 > 0, it is found that the range of stability of the vortices is considerably extended. A candidate for the role of the second scalar field would be the scalar phantom of Refs. [36, 37] , a dark matter candidate, however, the the parameter range where stabilisation occurs, is phenomenologically disfavoured [56, 57, 58] . With the added stabilising effects of dark scalars, and possibly other fields, such as the dilaton [59] or a dark U(1) with gauge kinetic mixing [60, 61] , the question of finding stable semilocal or electroweak strings remains open.
Conclusions
In type II SCs (β > 1), inter-vortex forces are repulsive, implying E 2 > 2E 1 . In the twocomponent system, depending on the parameters, e.g., in the M ≫ 1 limit, for a range of n, E n < nE 1 , which implies now, that there is a range of distances, where inter-vortex forces are attractive, i.e., the addition of the second component leads to a drastically changed and richer physics, similar to that of type 1.5 SCs.
Depending on relative magnitude of the parameters √ β 1 β 2 , α, and β ′ , there are different adjacent states in the systems: 1VEV and 2VEV or upper and lower component 1VEV). In the latter case, at the transition, CC vortices become large, the second condensate pushes out the flux into a wall for large n vortices, and then this wall breaks up into Abrikosov vortices in the second condensate, having significantly lower energy in the new phase, and being stable against condensate formation in their core.
If
, there is a 1VEV to 2VEV transition, and a second critical temperature, below which both condensates are active. At the second critical temperature, the new vortices expel some of their flux, and approach the fractional flux vortices put forward by Refs. [2, 3] . At the critical temperature, the radial decay of the second component becomes slow, and our vortices approach the fractional flux vortices of Refs. [2, 3] . As the transition is approached, vortex interaction become attractive and large flux vortices are expected to form. After the transition, there are non-trivial multi-vortex structures for large n [25] .
